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Blind Identification of Multichannel FIR Blurs and
Perfect Image Restoration

Georgios B. Giannakis, Fellow, |IEEE, and Robert W. Heath, Jr., Member, IEEE

Abstract Despiteitspractical importancein image processing
and computer vision, blind blur identification and blind image
restoration have so far been addressed under restrictive assump-
tions such as all-pole stationary image models blurred by zero- or
minimum-phase point-spread functions. Relying upon diversity
(availability of a sufficient number of multiple blurred images),
we develop blind FIR blur identification and order determination
schemes. Apart from aminimal persistence of excitation condition
(also present with nonblind setups), the inaccessible input image
isallowed to be deterministic or random and of unknown color or
distribution. With the blurs satisfying a certain co-primeness con-
dition in addition, we establish existence and uniqueness results
which guarantee that single-input/multiple-output FIR blurred
images can be restored blindly, though perfectly in the absence of
noise, using linear FIR filters. Results of simulations employing
theblind order determination, blind blur identification, and blind
image restoration algorithms are presented. When the SNR is
high, direct image restoration is found to yield better results than
indirect image restoration which employs the estimated blurs. In
low SNR, indirect imagerestoration performswell whilethedirect
restoration results vary with the delay but improve with larger
equalizer orders.

Index Terms Blind blur estimation, blind image restoration,
multichannel image restoration.

I. INTRODUCTION

N many applications, multiple blurred renditions of asingle

image become available while the original image and the
blurs remain unknown. Some of these applications, such as
electron microscopy and imaging through the atmosphere,
require image restoration to remove the effects of the blur
(see [9] and [26], [17]), while others, such as machine vision,
require blur identification for depth-from-defocus estimation
(see, eg., [3] and [20]). With a priori knowledge of the blurs
or the input and output (cross-) power spectra, there exist many
multichannel image restoration techniques based on different
constraints such as minimum mean-square error restoration
[4], [19], least-squares restoration [5], and iterative constrained
least squares [9], [13]. When an accurate estimate of the input
image is available, or the blurs are known, techniques for range
estimation based on depth-from-defocus techniques are avail-
able [3], [20]. To estimate the blurs and/or the original image
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for these algorithms using traditional single-input single-output
blind techniques (see[22] for areview of such techniques), itis
necessary to employ restrictive assumptions on the image-blur
model such as an al-pole stationary image blurred by zero- or
minimum-phase point-spread functions. Such blind techniques
do not exploit the extra information provided by the diversity
of degraded images.

Research in one-dimensional (1-D) signal processing has
shown that in a single-input multiple-output system it is
possible to use the second-order statistics estimated from the
multichannel output data to identify nonminimum phase FIR
filters [25]. Of interest are [6], [25], and [28], which propose
methods for blind channel identification (the 1-D equivalent of
blur identification) and [8], [24] which propose methods for di-
rect estimation of FIR equalizers. Universally, these algorithms
require that the multiple FIR channelsare co-prime. This makes
extension of these ideas to two-dimensiona (2-D) signal pro-
cessing especialy challenging since in two-dimensions factor
co-primeness (weak co-primeness) and zero co-primeness
(strong co-primeness) are different unlike the 1-D case.

In this paper, we show that when at least three images are
available, it is possible to exploit the properties of single-input
multiple-output image data in order to derive agorithms for
blind blur identification, blind order determination, and blind
image restoration. The blind blur identification algorithm is
based on a relationship between outputs, also observed in [28]
for 1-D signals, and is derived in both the spatial and frequency
domains. The blurs are found either as the eigenvector corre-
sponding to the minimum eigenval ue of aparticul ar datamatrix,
or, through a least-sgquares solution. Factor co-primeness of the
blurs and amild persistence-of-excitation condition on theinput
image are shown to be sufficient conditions for uniqueness of
the solution. Blind order determination is accomplished by
examining the rel ationship between the rank and the dimension
of a particular data matrix. For image restoration, the existence
and uniqueness of a set of FIR restoration filters is character-
ized. This description is used for blind image restoration in
an indirect and a direct method. The indirect method requires
first finding the blurs and then employs (perhaps regularized)
inverses to find the restoration filters. The direct method finds
these restoration filters directly from the output data under a
stronger persistence-of-excitation condition on the input and
again factor co-primeness of the blurs.

Compared to other works which employ the single-input
single-output (SISO) image-blur model [16], our approach
fully usestheinformation from the diversity of output channels.
Other deterministic SISO blind approaches are typically itera-
tive, requiring such constraints as positivity, and/or piecewise
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Fig. 1. Single-input multiple-output image-blur model.

smoothness on the input image or the blur function [1], [17],
[19]. Additionally, convergence is not guaranteed in the itera-
tive methods since the proposed objective functions typicaly
contain a number of minima. In contrast, the novel determin-
istic approach in this paper allows the original image to be
nonstationary with unknown color or distribution eliminating
restrictive assumptions on the input image [22]. Existence of
multichannel deconvolution operatorsfor continuous space was
addressed in [2] without consideration of the blind problem and
neglecting the important practical case of discrete-index FIR
blurs and FIR restoration filters (which are guaranteed to be
stable) asaddressed in thiswork. The cyclostationary viewpoint
of [7] though based on a similar blind 1-D algorithm [6], did
not specify identifiability and perfect restoration conditions
developed herein.

The organization of this paper is as follows. In Section Il,
we present the 2-D single-input multiple-output model assumed
throughout this work and use this to clearly define the problem
statement. In Section 111, we show the conditions for existence
and uniqueness of 2-D perfect restoration filters. In Section IV,
wederiveaprocedurefor blindly estimating the maximum order
of the blurs and two proceduresfor blindly estimating the blurs.
Once the blurs have been identified, we show in Section V how
these blurs can be used in image restoration. Alternatively, in
Section VI we use the existence and uniqueness results from
Section I11 to derive an approach for either estimating two sets
of restoration filters corresponding to different lags, or all pos-
sible sets of restoration filters simultaneously from the output
data. Existence and uniqueness of these solutions are appro-
priately characterized. We aso explore the optimality of the
direct restoration filters in the presence of noise. Section VI
shows simulations that demonstrate our blind order determi-

nation, blind blur identification, and direct and indirect blind
restoration techniques. Simulations are presented in the pres-
ence of additive white Gaussian noise, addressing other ques-
tions such as the restoration quality when different delays and
orders of restoration filters are chosen. Finally, Section VIII
summarizes our developments with some concluding remarks.

Il. PROBLEM STATEMENT AND PRELIMINARIES

Consider the 2-D single-input multiple-output linear spa-
tially invariant (LSI) system in Fig. 1. Such an imaging
system could result from multiple cameras, multiple focuses
of a single camera, or acquisition of images from a single
camera through a changing medium. The input to this system
is (asl) an unknown image s(ni,no) with finite support
(711,712) € [O,Nl - L, — 1] X [O,NQ — Ly — 1] We as
sume the area outside the image to be unknown. This image
is distorted by (as2) M unknown finite impulse response
(FIR) blurs h;(l1,15),i € [1,M] with maximum support
(I1,12) € [0,L1] x [0, L] with support less than that of the
image, e.9., L; < N;—L;—1,7{ €[1, M]. Afinitesupport blur is
areasonable assumptions since blurs are at most approximately
bandlimited in practice.

The 2-D convolution of the input s(rn+,n2) and the ith blur
hi(l1,12) is (as3) degraded with the additive white Gaussian
noise (AWGN) field v;(n1, n2) to produce the ith output image
zi(n1, n2) (see[22] for justification of the AWGN assumption).
It is assumed that (as4) the noise field in each channel is un-
correlated with the noise fields from the other channels. Both
377;(711,712) and 127;(711,712),'5 S [1,M] have support (711,712) c
[O,Nl — 1] X [O,NQ — 1]

Let prime denote transpose and bold lower (upper)
case be used for vectors (matrices). Define the M x
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Fig. 2. Multiple-input single-output restoration model.

1-channel vector of unknown blurs as h(ly, ) =
[h1(l1,12) ... hag(ly,12)])'. Similarly, define the noise vector
V(?’Ll, 712) = [Ul(ﬂl, 712), ceey U]w(ﬂl, 712)]/ and the vector of
observationSx(nl, 712) = [371(711, 712) - 37]\4(711, 712)]/. Usmg
these definitions we express the input-output relationship in
Fig. 1 in vector convolution form
L1 Lo
X(?’Ll,ﬂg) = Z Z h(ll,lg)s(ﬂl — 11,7’L2 - 12)
11=01>=0
+ V(?’Ll,ng). (l)
From the x(n1,n2) vector with (n1,n2) € [0, N7 — 1] x
[0, No — 1] we are interested in finding a (K1, K3) order
2-D filter bank that satisfies the perfect restoration condition.
This condition requires that the M x 1 vector restoration
filter, gi, i (k1 h2) = [9511,)12(/61,/62) = ~9§f\§i(/€17/€2)]’,
when applied to the observations x(ni,n2) obtained from
(1) in the absence of noise, yields the exact input to within
a scale and shift ambiguity (¢1,42) (see adso Fig. 2), i.e., for
i € [0,L; + Kj],5 =1,2
K1 Ko
Z Z X' (ny — ki, n2 — k2)8i, i (K1, k2)
k1=0ko=0
= S(ﬂl - il,ng - L2) (2)
Specifically, in this paper we are concerned with the fol-
lowing problems:
1) order determination: given x(ni,n2) for
(n1,n2) € [0,N; — 1] x [0,N2 — 1] find the order
(L1, L2) for the blur(s) of maximum support;

2) blur identification: given x(ni,n2) for
(711,712) € [O,Nl — 1] X [O,NQ — 1] and the
order (Li,Ls), in the absence of noise, find

h(ll,lg), (11712) € [O,Ll] X [0, LQ],

3) indirect restoration: givenh(ly,l2),(l1,l2) €
[0, L1] X [0, Lo], find g, i, (k1, k2), (k1. k2) € [0, K1] X
[OvKQ];

4) direct restoration: gven x(ni,n2) for
(711,712) € [O,Nl — 1] X [O,NQ — 1] find g;, 71‘2(161,162)
for (kl,kg) € [O,Kl] X [O,KQ]

Recall that in blind problemsit isonly possibleto recover the

output within ashift (i1, ¢2) and a scale (assumed unity without

loss of generality). Dueto this shift ambiguity, the knowledge of
arestoration filter of any delay issufficient for blind restoration.
In Section V1, we will see how to exploit the uncertainty of this
shift to solve simultaneously for restoration filters of different
delays after establishing conditions for existence and unique-
ness of such filtersin this section. Although (2) implies causal
restoration filters, it will turn out in Section V1 that noncausal
shifts play a major role in the quality of restoration. Note that
by employing FIR restoration filters we obviate stability issues
because stability of FIR filters is guaranteed.

I1l. EXISTENCE AND UNIQUENESS OF PERFECT RESTORATION
FILTERS

To facilitate the derivation of restoration filters, we formulate
theinput-output relationshipsin (1) and (2) in matrix formusing
alexicographicordering (e.g.,[11, p. 23]. Forl; € [0, L1] define
the (Lo + K> + 1) x M(K> + 1) matrix with A x 1 al-zero
vectors, 0, as

Hh =
- lll(l17 0) 0/ - 0/ -
h'(11,1) h'({1,0) o’

W(ly, Ly — K>)
W(ly, L — K> +1)

h'(li,Ls) h'(ly, L. —1)
o h'(l1, Lo)

W, L)
©)

block matrix with (Lo + K> +1) x M (K> +1) all-zero matrices
0as

L o o

r Hg 0 0 b
H, H, 0
H=|Hy, Hp, 1 Hp, _x, 4)
0 H;, Hy 41
L o 0 H,, |
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Now definethe 1 x M (K> + 1) data vector

x;“(ng) = [x'(n1,n2) ... x'(n1,n2 — K3)] (5)
andthe 1 x (L + K> + 1) input vector
s;h (n2) == [s(n1,n2)...s(n1,ne — Ko — Ly)].  (6)

For n; € [Ki,N: — 1], using (6) and (5), define the (N, —
Ko) x M(K;+1)(K2+ 1) block matrix X(n; ) and the (N —
K3) x (L1 + K1 + 1)(L2 + K5 + 1) block matrix S(n.) as

_X;LI(N2_1) X;Llf[(l(N2_1)
X(n1) == : : : @)
L X, (o) o X (K)
_521 (N2 — 1) S;LI—Kl—Ll(NQ -1
S(n1) = : : :
L 521(K2) S;LI—KI—L1 (K2)
(©)

US”g(?),deflnethE(Nl—Kl)(NQ—Kg)XM(K1+1)(K2+1)
block matrix X, r, s

Xy = [XI(Ny = 1), XNy = 2), ... XKD (9)
Using (8), and assuming that s(ny,n2) = 0 for (ny,n2) &
[0, N{—L{— 1] X [0, No— Loy — 1], definethe(Nl —Kl)(NQ —
K>) x (L1 + K1 + 1)(Ls + Ko + 1) block matrix Sx, x, @

Sk, i =[S (N1 = 1),8'(M - 2),...,S(Ky)]. (10)
Now with (n1,n2) € [0, N1—1]x [0, N2—1], and the definitions
in (4), (9), and (10) the noise-free input-output relation in (1) is
given by (see also Fig. 2)

XKy Kk, = Sk, i, H. (12)

Recall that g, i, (ki ko) 1= 901, (kv ka) - gl (ka,
k2)]’ denotesthe M x 1 vector restoration filter corresponding
to the shift (il, ig), and |etthe(L1 + K1+ 1)(L2 + Ko+ 1) x1
vector e;, ;, have unity in its é1(Ls + Ko + 1) + i3 + 1
entry and zero elsewhere. Using these definitions and
(90 we express the input-output relationship in (2) for
ij = 0,1,...,Lj +KJ,J = 1,235

XKy Ko iy is = Sk, K,€i1,is- (12
Substituting Xy, x, in (12) from (11), we obtain
Sk, k. Hgir i, = Sk, K.€i, .4, hence, for perfect restoration
it suffices to have

Hegi i, = €L i, (13)
which merely expressesthe requirement that the sum of the con-
volutions of h(ly, ;) and g;, ,,(l1,12) equals a delta function
with the appropriate shift (i, 42). Given H and a shift (i1, 42),
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the vector restoration filter g;, ;, that satisfies (13) isthe appro-
priate column of the (pseudo)inverse of H. This elucidates the
fact that the restoration filters corresponding to two different de-
lays (i1,%2) and (41, j2) with (41, j2) # (é1,i2) are not shifts of
one another. The existence and uniqueness of solutions to (13)
depend on the full column rank of A which will in turn depend
on the co-primeness of the transfer functions { H,,,(z1, z2) }M_,
of the blurs {A,,,(I1,12)}¥_,. In 2-D, co-primeness comes in
two distinct flavors as detailed in the following definition (see
e.g., [12]):

Definition 1: Consider the set of 2-D FIR transfer
functions {H,.(»,z)}Y_,. They ae srongly (or
zero) co-prime iff there does not exist a zero ((i,¢2)
common to al transfer functions, i.e., there does not exist
((1,¢2) - Hn((1,¢) = 0,Vm = 1,..., M. They are weskly
(or factor) co-prime iff there does not exist a factor C(zy, z2)
common to al transfer functions, i.e., there does not exist
0(751722) 7& 1: Hrn(ZbZQ) = C(zlsz)Hnl(zlsz)vvm =
1,..., M. O

Equipped with the notion of strong co-primeness, the rank
properties of H in (13) can be characterized as follows.

Theoreml: Let K» > Lo — 1,and H;,, 7 asin (3) and (4),
respectively. It then holdsthat rank(#) = (L1 + K1 +1)(La +
K>+ 1) ifandonly if {H,,(z1, 22)}2_, arestrongly co-prime
and rank(Ho) = Lo+ Ky + 1.

Proof: If H isfull row rank, it follows that its submatrix
H, is aso full row rank, i.e, rank(Hg) = Lo + Ko + 1. In
addition, 3g : Hg = e which in the Z-domain implies

M
Z Hm(zlv ZQ)Gm(Zlv 22) =1

m=1

(14

If {H,.(2,z)}_, were not strongly co-prime, there
should exist ({1, (=) to zero the LHS of (14), leadingto a0 = 1
contradiction.

If {H,,.(21,22) }}_, arestrongly co-prime, it followsthat for
each (fixed) nonzero z; € C,{H(z1,2)}2_, are co-prime
1-D polynomialsin zs. With Ky > L, — 1, the latter implies
that the polynomial matrix for all z; # 0asH(z) =

o
h’(zl, 0)

0/ -
0/

- 1/(2,0)
W (z,1)

h’(zl, LQ — KQ)
h/(Zl, LQ — KQ + 1)

h’(zl, LQ) h’(zl, LQ — 1)
0/ h/(Zl, LQ)

Wz, Ly)
(15)

o o
is full row rank for each z; # 0, i.e, rank(H(z)) = Lo +
Ks+1for z # 0. But thelatter, together with the full row rank
of Hy, imply that the multivariate system with matrix impulse
response {H;, }ILII:0 isirreducible [12], or equivaently that the
block Toeplitz matrix H has full row-rank. O

It will be shown in Theorem 2 that strong co-primeness is
instrumental for the existence and uniqueness of FIR restoration
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filters. Unfortunately, for M = 2, strong (or zero) co-primeness
of two 2-D polynomials is an event of measure zero, since two
lineson the (21, 22) plane intersect aimost surely. However for
M > 3, 2-D polynomias are almost surely zero co-prime since
the event of three or more lines passing through the same point
onthe(z, z2) planeis an event of measure zero. The practical
implication of strong co-primenessisthat we need at least three
different observations to find FIR restoration filters capable of
perfect reconstruction. Note that the blur zeros are not an issue
provided co-primeness holds true.

The full rank requirement of Hy is not as stringent as
strong-coprimeness. It implies that the {H,,,(0,z)}Y_, 1-D
polynomials corresponding to the first column of £,,,(0,12) are
co-prime. However, even if they are not, it suffices to have at
least one column, say the ¢(, where co-primeness holds. In this
case, H;, will be full row rank and (14) will hold with the RHS
2z~ instead of 1.

Assuming that 7 is full column rank (as characterized by
Theorem 1), we establish the existence and uniqueness of so-
lutions to (13) in the next Theorem.

Theorem 2: Supposethat Ko > Lo — 1

M(Kl + 1)(K2 + 1) > (Ll + Ki + 1)(L2 + K> + 1)
(16)

and that  in (4) has full row rank, i.e.,

rank(’H) = (Ll + Kl + 1)(L2 + KQ + 1). (17)

Then for agiven shift (41, 42), the solution g;, ;, of (13) exists.
Uniqueness is guaranteed if (16) holds as an equality, or, if the
minimum norm solution is obtained in (13).

Proof: Equation (16) implies that £ has more columns
than rows, while the rank condition implies that # is underde-
termined; thuse;, ;, isguaranteed to bein the range space of H
and a solution exists. When (16) is satisfied with equality,  is
square and nonsingular, thus the solution is unique. When (16)
is satisfied with inequality, we choose the minimum norm solu-
tion which is guaranteed to be unique. O

The minimum number of blurred images required to satisfy
(16) is M, = 3 as might be expected from our discussion
on strong co-primeness. This can occur when, for example, we
take K, = Lo — 1, then the equality in (16) is satisfied for a
restoration filter with minimum support

Kflin = 2L, /(M - 2)] — 1, Kénin =I>—-1 (18)

where | o | denotesthegreatest integer lessthan a. If four blurred
images are available, M = 4, then we can satisfy (16) with
(K1,K3) = (L1 — 1, Ly — 1) and in this case the restoration
filters can have an order less than that of the largest blur. Note
that FIR least squares solutions of (13) exist even in the SISO
case, but they are only approximate (in the least-squares sense).
Diversity (giving rise to SIMO models) allows for perfect FIR
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restoration filters of multiple FIR blurs, in contrast to the SISO
case where an FIR blur can only be inverted perfectly with an
[IR restoration filter.

The importance of diversity in thisformulation is transparent
if we note that (16) is not satisfied for any positive parameters
L, Ly, K1, K> with M = 1. In other words, SISO blind blur
identification is impossible in this general set-up (note that we
have not assumed that s(n1,n2) isal-pole).

Having established the uniqueness of FIR restoration filters
for given h, we wish to explore whether h or g;, ;, can be ob-
tained from output only data. We will need to specify the class
of inputswhich allow such ablind identification (clearly, if e.g.,
s(ni,n2) = 0 for al (ny,n2) itisimpossible to find h from
Xk, k.)- Wewill assume that (as5) the input image satisfies a
mild persistence-of-excitation condition (also needed for non-
blind setups). We express this condition in terms of the block
input matrix in (10), as follows:

rank(Sr, x,) 2 ps = (L1 + K1 + 1)(L2 + K2 +1). (19)

Relying upon (13) (19) we establish the following lemma for
the matrix XKl,Kz in (11)

Lemma 1. Assuming that (16), (17), and (19) are satisfied,
and that the image size (N, N») is large enough to satisfy

(N1 — K1)(N2 — K2) > M(K; + 1)(K2 + 1) (20)

it follows that

rank(X g, r,) = rank(H). (22)
Proof: From (19) and (20) we have that rank (S, x,)
(Ll + Ky + 1)(L2 + Ko + 1), and from (17) that rank(’H)
(Ll + K1+ 1)(L2 + Ko+ 1); hence, from (11) rank(XKl 7](2)
l‘ank(SKth H) = (L1+ K1 +1)(L2+ K2+1), by Sylvester
rank inequality.
Notethat (19) requiresthe original imageto have p frequen-
cies in its spectrum, and (20) is easily met in practice since
M, Ky, Ky,L,L, <« Ni,N>. Lemma 1 alows us to infer
properties of ‘H based on the matrix X, g, which contains
only the observed images. In the next sections, the rank proper-
tiesof Xx, x, in(21) will be used to derive order determina-
tion, blur identification, and image restoration agorithms from
output-only data.

S

O

V. BLIND ORDER DETERMINATION AND BLUR IDENTIFICATION

The identification and restoration agorithms de
scribed in later sections require the maximum order
(L1, L2) = maxcp a(Li,, Li,) of the blurs. For some

blurs, such as those due to motion or defocus, knowing the
order (L1, Lo) is sufficient for blur identification, simply
because the underlying impulse responses have positive coef-
ficients of equal amplitude (see, e.g., [3]). For general blurs,
though, the coefficients themselves are also necessary for blur
identification and restoration.
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Consider the ratio of the Fourier-domain outputs of the m
and the m, channels, my,m» € [1, M], of the system of Fig. 1,
in the absence of noise

anl(w17w2) _ Hml(wl,w2)5(w1,w2)
-sz (wl,wg) Hmz(wl,wg)S(wl,wg)
Hnll(wlaWQ)
= 22
Hmz(wlvw2) ( )

where for the second equality we excluded (w; , w2 ) frequencies
for which S(wy,wz) = 0. Cross-multiplying in (22) we obtain
the relationship

Xrnl (wlv w?)Hrnz (w17w2)

- Xrng (wlaWQ)Hrnl (CU1,CU2) = Oa (23)
which does not depend on the input image S(wy, w2). Using the
FIR nature of the blurs we write (23) as

Ly Lo

Z Z |:hrnl (11712)6*‘7(&)1114—&)212)an2 (w17w2)

11=013=0
- hrn,z (lla12)6_j(wlll+w212)Xrnl (CU1,(4)2):| =0. (24)

Inverting (24), we obtain in the spatial domain

Ly Lo
Z Z [hrnl (llv 12)-757712 (nl - llv n2 — 12)
11=0103=0

- hmz (ll, lg)xml (711 — ll, No — 12)] =0. (25)
Concatenating equations like (24) [or (25)] for different
(wi,w2) [oOr (n1,n2)] pars we can form systems of linear
equations and solve for the blurs £,,,, [or H,,,] and h,,, [or
H,,,] from output only data. A similar result was derived by
[28] in the time domain for the 1-D case. It is apparent that
this method is valid only if the H,,,, and H,,,, blurs are factor
co-prime, otherwise we could cancel this factor in (23), and
we would identify the reduced polynomials. Pairwise factor
co-primeness may seem somewhat restrictive; however, we will
see how by simultaneously considering all combinations of
mi,me € [1, M] withm, # ms, we can find the coefficients
of the blurs with the relaxed requirement that the entire set
of al M blursis factor co-prime. By cancelling the unknown
image S(w1,w2) in (23) we made no assumptions other than
(asb) persistence-of-excitation, i.e., S{w1,w2) # 0 for enough
frequencies. Thus, with this approach we do not require any
deterministic or random characteristics of S(wy,ws2) (eg.,
whiteness).

Let us now focus on the simultaneous solution of (25) with
all possible pairs (m,ms). Definethe 1 x (L; + 1)(Ly + 1)
vector

bl :=[hm(0,0) ... hp(0,L2);...;hm(L1,0) ... (L1, Lo)]
(26)

and correspondingly the 1 x (Ls + 1) vector

(27)

X, (n1;n2) == [gm(ng,n2) ... xm(n1,ne — L))

|IEEE TRANSACTIONS ON IMAGE PROCESSING, VOL. 9, NO. 11, NOVEMBER 2000
The 2-D convolution of the image x,,,(n1, n2) with h,,(I1,1s)
can be represented in matrix form as

_X,/rn(Nl_].;NQ_].) X;n(Nl—].—Ll;NQ—].)_

X, (N1 = 1; L) X (N1 —1— Ly Ly)

X (Ly1; N2 — 1) x,,(0; N2 — 1)

X, (L1; L) X, (05 Lo)

[ 7 (0,0) T

hm§07 L22
. = Xrnhrn (28)

hrn(Lla 0)

_hm(leLQ)_

whereX,,, hanimer]gonS(Nl —LQ)(NQ—LQ) X (L1 +1)(L2+
1). Based on (28), the cross relation in (25) can be written as

|0

Formy,my € [1, M], thereare M (M — 1) /2 distinct (11, m2)
pairs. Upon stacking equations like (29) for al these (11, m2)
pairs, we find

h’nlz

[Xml _sz] |:hm1 (29)

Xr,,L,h=0 (30)
where
X1 h;
qu,fzz = ) h:= [ ] (31)
Xm hy
andfor i € [1, M]
0 0 Xy =X
Xii=|: Do - (32)
LV_O/\XM X,
i—1 blocks ~

M —i+1 blocks

Order determination and blur identification depend on the
rank properties of matrix Xy, r, in(30). Inturn, rank(X;, r,)
depends on persistence-of-excitation of theimage s(ny,n») and
co-primeness of the blurs i, (11, 12), m € [1, M]. To clarify the
dependence, we first note that X,,, in (28) is a special form of
Xk, 10, IN(9), if: (i) we set (K1, K2) = (L1, L), and (ii) re-
tain only the mth entry of the x(n1, n2) and h(l,l2) vectorsin
(4), (5), (9), which also corresponds to having M = 1 in (4),
(5 (8). Thus, we can factor X,,, = Sy, 1, H,,, where H,,, as
in(3),and Sy, 1, asin (10) with A/ = 1. The (N; — L; + 1)
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(No — Lo+ 1) x 2(Ly +1)(Lo + 1) matrix in (29) can aso be
factored as
[Xml _sz] = SL17L2 [Hml _Hmz] (33)
WhereSLhLz iS(Nl —LQ)(NQ —LQ) X (2L1+1)(2L2+1) and
eachof H,,,,, H,,, is (2L1 + 1)(2L2 + 1) X (Ll + 1)(L2 + 1).

Assuming that (as 7) (19) is satisfied with Ky, = L1, Ky =
Ly, impliesthat Sy, ., in (33) isfull column rank. Thus, under
appropriate p.e. conditions on s(ny,n2) the rank properties of
X 1.,L, 1IN (30) depend on those of

HL17L2h =0 (34)
whereH, 1, hasthesamestructureasX, 1, in(31) and (32)
but with H,,, replacing X,,,.

If the blur orders are unknown but upper bounds,
L, > L;,L, > L, are available, (30) and (34) can be
written as

Xz, z,h=0, Hp ;h=0 (35)
where h is defined as h with zeros padded in the entries with
arguments!y € [L1+1, L ]andls € [La+1, Lo]. Withregards
to (35), the following Lemma determines rank(Hy, 7).

Lemma2: Suppose{H,,(z1, )} h_, arefactor co-primeas

m=1

in Definition 1, and L > L, Ly > L. It then holds that

rank(Hﬁl ,f@) =M(L +1)(L2+ 1)
— (L1 — Ly + 1)(Ly — Ly + 1). (36)

O
Proof: See Appendix A.

The previous Lemma provides an interesting relationship be-
tween therank of Hy 7, thetrue order (L;, L), and an esti-
mated upper bound on the order (L, L»). Unfortunately, (36)
isnot directly useful in the blind scenario because the blurs that
compose Hy, 7, arein principle unknown. To eliminate this
problem we use factor co-primeness of {H,,,(z1, 22)}M_,, and
persistence-of-excitation of the input image s(n1, n2) to estab-
lish a similar relationship based on the rank of X, r_, which
is composed of only the observed images:

Theorem 3: Let {H,.(z1,22)}_, be factor co-prime,
s(n1,no) satisfy (19) with order p, = (2L1 +1)(2Lo + 1), M
satlsfy (16) with K1 = El > Ll,KQ = EQ > LQ, and
(N1, N2) be large enough to satisfy (N; — Li)(Na —

Ly)M(M —1)/2 > M(Ly + 1)(L> + 1). It then holds that

rank(Xz, 7,) = M(L1 +1)(L2 4+ 1)
— (L =L+ 1) (L2 — Ly + 1) (37)

whichfor L; = L; and Ly = Lo, yidlds

rank(XLl’Lz) = M(Ll —|— 1)(L2 —|— 1) — 1 (38)
and guarantees uniqueness of the solution in (30).
Proof. Follows easily from Lemma 2 and (33). .
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In contrast to matrix X x, x, in Lemmal, rank properties of
XL, in Theorem 3 rely on aweaker form of co-primeness,
namely, factor co-primeness. Clearly, factor co-primeness im-
plies zero co-primeness but the converseisnot alwaystrue; e.g.,
Hi(z1,20) =1 — 27 25", Ho(z1,20) = 2] — 27 ! arefactor
co-prime but they have common zerosat ({1, {2) = (1, 1). With
M > 3 blurred imagesit is almost sure to have zero co-prime-
ness and thus guarantee 2-D FIR inverses, but as far as order
and blur identification, Theorem 3 assertsthat it is possible even
with M = 2 images provided that they are factor co-prime.

The equality in (37) suggests that by employing two
sets of upper bounds on (L;,L>) namely (L;,L,) and
(Ly,L5), we can use rank(X; 7 ) and rank(Xz, 7,) to
solve the two equations like (37) simultaneously for the true
order (Li,Lo). Because the dimensiondity of Xy p, is
(N1 = Lp)(Ny — Lo)M(M — 1)/2 x (Ly + 1)(L2 + 1),
which is proportional to M? x M, for larger M an alter-
native method may be desirable for estimating the order. In
fact, if zero co-primeness holds, the equality in (21) sug-
gests an order determination approach that depends on the
(N1 — Kl)(NQ — KQ) X M(K1 + 1)(K2 + 1) matrix XKl:KW
from Lemma 1 in which the rows do not depend on M.

Suppose (Ki,K») and (K, K,) are chosen such that
(19) and (17) are satisfied. Let p := rank(Xg, x,),p1 =
rank(X ., f,),p2 = rank(Xy, g, ) Itthenfollowsfrom (19)
that

p=L1+Ki+1)(L+ K2+ 1) (39
pr=(L1+ K1 +1)(La+ K>+ 1) (40)
pQI(L1 +K1+1)(L2+f(2+1). (41)
Solving for L; from (39) and (40) we obtain
L= [p1(K1 +1) — p(K1 + 1) (42)
pP—hN

and similarly using (40) and (41) it follows that:

Ly = [p2(K2 +1) — p(Ko + 1)]. (43)

p— P2

In either order determination scheme, in the presense of noise,
we use the number of (effectively) nonzero singular values to
estimate the rank.

After estimating the true order (L, L), with the conditions
of Theorem 3 satisfied, (38) motivates us to construct X, r,
and solve for the vector of blurs h in (30), since the solution
isunique. Asin al blind problems, the solution to (38) yields
the blurs h to within a scale of the true blurs. It should be em-
phasized here that since Xy, 1, isatall matrix, the dimension
of X7, ,Xr,,L, involved in the SVD is M (L, + 1)(Ly +
1) x M (L1 +1)(Lz + 1) which does not depend on theimage
size. When the multiplication of X’Lh 1,XL,,L, becomes pro-
hibitive, other solution methods may be desirable. One aterna-
tiveisan adaptive solution of (30), employing therecursiveleast
squares algorithm or the least mean square algorithm, both of
which would aleviate the memory requirement of the SVD and
also may be more robust in noise and spatially varying blurs
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(see [10] for a discussion of adaptive solutions of (30) for the
1-D case). Another more approximate alternative is to process
blocks of the output images in parallel and then to average the
results.

In lieu of solving (30) for the blurs, we could form a system
of equationsfrom (24) using the output images in the frequency
domain. This may be desirable when obtaining an approximate
solution because we can consider only significant frequen-
cies, i.e., those for which S(w;y,ws) has sufficient energy. It
is not difficult to see that (24) is guaranteed to have a unique
solution by the same conditions as Theorem 3. In fact, it is
also computationally attractive when X,,,,, X,,,, need to be
evaluated only at the 2-D FFT grid.t

When image restoration is the ultimate goal, it is of interest
to usetheblursin finding FIR restoration filters. In the next sec-
tion, we present two approaches for deriving restoration filters
using the estimated blurs.

V. INDIRECT BLIND RESTORATION

With h,,,(I1,12) and z,,,(n1,n2), m € [1, M] available, one
may either solve (13) or adopt the multichannel Wiener solu-
tion [4] to obtain a set of restoration filters. Alternatively, we
may choose one of the constrained |east-squares approachesin
[9] or [13], with the constraint based on some visual criterion.
The approach in[9] adjuststhe restoration based on a subjective
evaluation of the restoration at each restoration step, while the
approach in [13] uses the visibility function [14] and various
weighted norms in a similar iterative restoration approach. If
some knowledge of the input and output- (cross-) power spectra
are available and the noise spectrum is known, the Wiener so-
lution may be obtained asin [4]. The Wiener inverse trades off
perfect blur removal with SNR improvement. In this section we
develop two general solutionsto (12): 1) perfect restoration (PR)
filters for blur removal in the absence of noise and 2) approxi-
mate Wiener restoration filters for performance improvement in
noise.

The general solution to (12) for a delay (¢1,42) and order
K, K, isgiven by

ghn, L= (HH) " H ey, 4, (44)
which is the minimum-norm perfect restoration (MN-PR) solu-
tion because H is a fat matrix in general. To find an approx-
imate Wiener solution or linear minimum mean-square error
(LMMSE) solution, consider the multichannel Wiener solution

with delay of order (K7, K>) and delay (i1,42)

Rlr,. =

ity = [HRH + R, "H' Ryes, 4, (45)
where R, = E{S’Kh K, Sk, K, f 1S the autocorrelation of
the block 2-D Hankel form of the input image and likewise
R, = E{V}(h K, Vi, K, } isthe autocorrelation of the block
2-D Hankel form of the AWGN fidd v(ni,n2) in (1) with
Vi, K, defined like X, x, in (9). Using the whiteness of

IThismay beimpossibleif theinput 1 o haszerosat the unit bi-circle
and interpolation to obtain afiner grid will be necessary.
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the noise field, and assuming that the input image is also white,
i.e, R, = 02T and R, = 021, we can rewrite (45) as

2 —1
LMMSE __ / 7, /
8K, Ky {H H+ U_} Heiy i

v (46)

The whiteness of s(n1,n2) is employed here, in order to give
mean-square error optimality to therestoration filter in (46). Al-
ternatively, (46) or its modifications resulting when one scales
o2 /o2 by some constant can be viewed as aregularized LS so-
[ution.

In the noise-free case, (46) and (44) are equivalent, and for
any given delay (i1,i2) and order restoration filter K7, K>,
which satisfies (25), will yield perfect restoration. When noise
is present, o2/02 in (46) is used to condition the inverse.
Unlike the noise-free case, in the noisy case the quality of the
restoration may depend on choice of (K7, K»2) and (¢1,i2) as
will beillustrated in Section VII.

V1. DIRECT BLIND RESTORATION

Multichannel blind image restoration schemes call for image
restoration based solely on the degraded images. The indirect
methods in Section V required two matrix inversions (SVDs),
thereby increasing complexity. In this section, we obviate the
need for blur identification when image restoration is the ulti-
mate goal by presenting two approaches for estimation of the
restoration filters directly from the data. In the first subsec-
tion we derive a procedure for estimating PR filters of two dif-
ferent delays simultaneously. In the second subsection we con-
sider derivation of al possible delay restoration filters simul-
taneously. The third subsection considers the performance of
restoration filters in the presence of AWGN.

A. Sngle-Lag Restoration Filters

Consider the ratio of the outputs in the Fourier domain of
the restoration system in Fig. 2 for the (0, 0) and (i1, i2) delays
(assume temporarily that X,,, (w1, ws2) m € [1, M] are obtained
in the absence of noise)

Z%ﬁ Xon (w1, WQ)GS; ’iQ)(wl,wQ)
E?irn Xom (wlv w?)GS}O) (w1 s CUQ)

— e—(ilhﬂ Fisws) M
S(wlv w?)

—(i1w1+i2w2)'

(47)

=c

Cross multiplying in (22) yields the cross-relation

M
Z Xy (w1, wo) G2 (wy | wo)

m=1
— Xi(wl,wg)Ggg’O)(wl,wg)e_(il“’l"'iz“’z) =0. (48)
Inverting (48) we obtain, in the spatial domain
Ky Ko

SN W —in — kg —in — k)

k1=0ko=0
go,o(/ﬁ, /%'2)

_X/(nl_lﬂ}l,TLQ_kQ)] |:g“ iz(lﬁ}17lﬂ}2):| :0 (49)
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for (il,ig) € [1,L1 + Kl] X [1,L2 + KQ] and (711,712) €
[t1 + K1, Ny — 1] X [i2 + K2, N2 — 1], where we recall that
x(n1,n2) has support over (ny,n2) € [0, Ny — 1] x [0, N2 —
1]. With either (48) or (49) we can find a pair of restoration
filters from output-only data. It should be clear that because we
cancel S(w;,ws), we are considering only (wy,ws) such that
S(wy,w2) # 0, thus we do not require any deterministic or
random characteristics of S(wy,ws2). To facilitate development
of (49) inmatrix form, we use standard MATLAB notation2 and
let the matrix X} ")) be defined as
1,42
Xiy i, (di(Ny — Ko) +day + 1
: (N2 — KQ)(Nl — Kl) — il(NQ — KQ) — ig, ) (50)

Next, write the matrix form of (49) with matrix corresponding
to X(?’Ll, 712) as X(Zl’zz) =

(0,0
X, 0, (1 (N — Ko) (N1 — K1) — i1 (Na — Ky) — 2, )
(51)
and that corresponding to x(ny — iz, ny — i2) asXE?l’Oi)z) =
X k(11 (N2 — Ko) +ia+1
. (NQ—KQ)(Nl —Kl)—il(NQ—KQ)—iQ,:). (52)

With definitions (50) (52), for ¢; = 1,...,L; + K;,j €
[1,2], we rewrite (49) as

_X(i1,i2):| |: £0,0 :| —0.
(0,0) &iy,iz

~
pliti2)

“F(0,0

x0, (53)

From (53) we wish to solve for the (0,0) and the (i1, 42)
lag restoration filters simultaneously, using only shifts of the
output data. Though we can write (53) more generally for de-
lays (j1,72) and (i1, i2), as established below, the delays (0, 0)
and (L, + K1, L» + K>) lead to uniqueness.

2INMATLAB, if  isamatrix then isthe element at the throw and
the th column. Then, isthe submatrix of matrix  defined by
the through rowsandthe through columnsof . Also denotes

the th column of
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Theorem 4: Suppose that: 1) x(ni,ns) obeys
the noise free SIMO mode (1) with the parameters
(N1, N2, M, Ly, Ly, K1, K>) satisfying

(N1 — K1 —i1)(No — Ky — i2)

>2(L1 + K1 +1) (L2 + K2 + 1) (54)

and (16) as an equality; 2) s(ny,nq) satisfies (19) with p; =

2L+ K+ 1) (Lo + Ko +1) — 1;’and, 3)’the blurs satisfy (17).

Then, the nullity of matrix X(OL;)“‘“LZH‘Z) is1andtherestora-

tion filter pair g0 0, &, i, can E)e uniquely identified within a

scale by solving (63) withé; = L1 + Ky andis = Ly + K>.[O
Proof: See Appendix B.

Provided the conditions in Theorem 4 are satisfied, we may
find a pair of vector restoration filters from output only data.
The requirements in Theorem 4, though more strict than the
identifiability conditions of Theorem 3 are still quite mild. For
instance, it is not unreasonable to expect the image size to sat-
isfy (54) since typicaly (N1, N2) > (K1, K2). We aso re-
quireastronger persi stence-of-excitation condition on theinput,
namely that theinput hasat least 2( L, + K1 +1)( Lo+ Ko+1)—1
frequencies at which S(wq, ws2) # 0in (47). Avalilability of two
restoration filtersalows usto average theresults by aigning the
restoration filter outputs

Ky Ko
s(ny,n2) = Z Z x'(n1 — ki, n2 — k2)goo(k1, k2)
k1=0ko=0
+X/(711 — ki — Ly — Ki,nyg —ky — Lo — Ky)

X8I +Ki,la+Ks (kl’kQ)' (55)

With regards to (55), one may wonder about the possibility of
finding and averaging the results of al possible restoration fil-
ters. We explore this possibility in the next subsection.

B. Multiple-Lag Restoration Filters

By considering equations of the form of (53) for (é1,42) €
[1, L1+ K1]x[1, Lo+ K2] we can solvefor al possiblerestora-
tion filters simultaneously as shown in (56) at the bottom of the
page. Existence and uniqueness of solutions of (56) is estab-
lished in Theorem 5.

r (0,0) _~(0,1) }
ngy(ng X(O,O) 0(0 2) [ 80,0 T
X(0:2) 0 _X(ojo) 0,1
28:?1)24-1(2) 0 0 —XE8j§)2+K2) 0 80,Lo+ K, —o
(0,0 (L1+K1,0) .

(L1+K,0) 0 _X(O,o) 0 ng-Iszl,O
©0.0) ) ' (Li+K1, Lo+ Ks) | L8Li+ K, Lo+ Ks ]
LN 4K, T 4K 0 0 _X(O,B) Loemae) | L
- . v
X:Eil 7_2(N1—K1)(N2—K2)—i1 (No—K5) =i x M (K 4+1) (Ko +1)(Li +K1+1) (Lo + Ko +1)
(56)
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Fig. 3. Multiple-lag restoration filters.

Theorem 5: Suppose that: 1) x(n1, n2) obeys the noise-free
SIMO model (1), (54), and with (16) and (17) satisfied asequal -
ities; 2) s(n1,n2) satisfies (19) with p; = 2(L; + K1 +1)(L2+
K, +1)— 1, and (ii) the blurs are strongly co-prime. Then, the
i, i, corresponding to al shiftsi; =0,...,L; + K;,j = 1,2
can be identified uniquely by solving (56). O

Proof: See Appendix C.

The application of thisbank of restoration filtersto x(nq, ns)
isshownin Fig. 3. We obtain an estimate of the input image by
averaging the outputs of the system in Fig. 3, as shown in (57)
at the bottom of the page.

C. Multiple-Restoration Filters Noise Effects

Thus far we have derived PR filters from output data ac-
quired in the absence of noise. In this subsection we show that
thesefilters, when derived from noisy output data, minimize the
sample variance of an error term inherent in the deterministic
|east-squares approach of this paper. We also consider choice of
order or delay of PR filters to minimize the MSE of the input
estimate.

In the presence of noise, (11) becomes

XK Kk, =Sk, .M+ Vi K, (58)

and the restored image for agiven delay (41, ¢2) is given by

Sivio = XKy, Ko 8iria
=Sk, k. HEiyio + VK, Ko i is- (59)

We seek afilter bank g;, ;, which satisfies (13), and hence is
PR, while at the same time minimizes the noise power at the
restoration filter output. The latter is given by o, := E{[9]|*},
where == Vg, k,8i,.4,.- USNg (13) in (59) and defining
Siy i, 1= SK, K,€i,i,, the wanted filter is found as

gil,iz = argmgin (0727) = arg lngillE ||éi17i2 = Siy,ig ||2

= argming R, g. (60)
g

If v(ni,n2) is white, R, = ¢2I, and (60) shows that &;, ;.

minimizes the norm ||g||2. In other words, the minimum norm

solution in (44) minimizes [according to (60)] the noise power

at the restoration filter output independent of the input SNR so

(L1+ Ky, L +K2)

>

(il ,i2 ):(070)

s(ny,ne) =1/(I1 + K1+ 1) (L2 + K2+ 1)

(K1,K2)

>

(kl k2 ):(070)

X(?’Ll — il — /{}1, Ny — iQ — k?)gil,iz (]{}1, /{}2) (57)
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Fig. 4. Undistorted rotundaimage used for simulations.

long as the input noiseiswhite. If v(ny,n2) iscolored and R,
is known, (44) should be written by weighting accordingly

&0 = (HR'H) H'R ey s, (61)
If the blurs are unavailable, we have to consider noise effects to
our direct solutionin (53). In choosing the minimum-norm solu-

tionto (53) itisapparent that g;, ;, arethevectorsthat minimize
the following criterion:

||é070 - éle-l-’\'lyfzz-i"\'z ||2
(62)

Alternatively, we may solve (56) for PR filters of all delays.
In this case, by taking the minimum-norm solution to (56) we
minimize the following criterion:
Li+ Ky L4 Ko
YD 11800 —8ritry rorrell”
21=1 9=1
Li+ Ky L4 Ko
To summarize, in the presence of noise, the minimum norm so-
lution to (53) or (56) minimizesthe deterministic error criterion
in (62) or (63), respectively.
As mentioned in Section V, in the presence of noise,
the shift (iy,i2) and order (Ki,K>) may affect the
quality of the restoration. To find some optimality in

_ (0,0) (41,i2) 2
o HX(il,iz)g070 o X(O,O) 8iy iz

(0,0) (i1 iz)
X(i17i2)30,0 - X(O,O) Bii iz

(63)

our estimate, we assume that the noise is colored with
R,U(ll — /{}1, Iy — /{}2) = E{V(k‘l, kQ)V/(ll, 12)} and look for the
best PR filter that minimizes the mean-squared error. It should
be clear that the best PR filter with respect to delay or order is
the arg ming; ;,), x,, %, Of

Ky Ko Ki Ko

SN DD gl i (ko)

11=010>=0%1=0ko=0

X Ry(kr — Ui, k2 — 12)8i i (11, 12)- (64)

The joint optimization follows similarly. In matrix notation, in
(64), we are interested in the vector which minimizes the norm
g’ihiz R.g;, ., weighted by the multichannel noise correlation
matrix, for either delay or order. A similar result is available for
the 1-D case [8].

Having established the optimality of our restoration filtersin
the presence of noise, we conclude our theoretical devel opment.
We proceed to the simulations section to examine the perfor-
mance of the algorithmsfrom Sections1V, V, and VI in the pres-
ence of noise.

VIIl. SIMULATIONS

In this section we use simulations to provide examples of the
results that may be expected from the agorithms presented in
Sections |V and V. These experiments employ the 75 x 75 pixel
image of Thomas Jefferson s Rotunda at the University of Vir-
ginia, shown in Fig. 4.
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(b)

Fig. 5. Referenceimagedegradedby (@) ; ;1 - ad(b) > | = .

A. Order Determination Experiment
Convolving the reference image in Fig. 4 with the blurs

1 11 1 9
[hl(ll, 12)] = 1 1 1 [hg(ll, 12)] = |:l l:| (65)
1 11 2 3

we created the two images shown in Fig. 5. The blurs were nor-
malized before convolution.

First we consider the noise-free case. Following the pro-
cedure outlined in Section 1V, we choose two sets of upper
bounds on the restoration filters that satisfy (19) and (17):
(K1,K>) = (5,4) and (K1, K2) = (4,3) assuming that an
upper bound on the order of the blurs are available from some a
priori knowledge about the imaging system. Next we form the
matrices Xy, k., Xg, k,» ad X, g, and find their ranks
0, p1, and po, respectively. Finaly, we plug in to (42) and (43)
to find that indeed (L1, L2) = (2,2).

Next we add 30 dB white Gaussian noise (AWGN) to each of
the degraded images. Inthiscaseweresort to estimating the rank
of Xk, 100> X, K,-ad Xy, g, fromthenumber of near-zero
singular values. Unfortunately, there was not a perceivable dif-
ference in the singular values to accurately estimate. We con-
clude in this case that it may be better to estimate the blurs di-
rectly using the upper bound (L1, L»). A statistical approach to
select thresholds constitutes an interesting research direction.

B. Blur Identification Experiment

In this section we perform blur identification on four de-
graded renditions of the image in Fig. 4. We consider experi-
ments with a set of low order (2, 2) blurs. During each exper-
iment we added AWGN at SNR defined as: 10log,, 02 /o2 .
We estimated the variance of the degraded image agi in the
usual way using the sample variance. As a preliminary test,
we constructed Hj > for this set of blurs and verified that they
are indeed co-prime. To visualize, we display the magnitude of
the Fouier spectra of the reference image in Fig. 4 and blurs

hi(ly,15) and ho(ly, 1) in (66) in Fig. 6. Note that even though

Fig.6. Freguency domain plotsof (a) Rotundareferenceimage, (b) 1 1 -2 ,
and (C) 2 1 2 .

the blurs are both lowpassthey still arerelatively co-primewith
each other and with the image as well.

Now consider four images degraded by the following order
(2, 2) blurs (normalized for convenience):

[0.1450 0.1450
0.1450 0.1450
| 0.1450 0.1450

[0.1305 0.1305
0.1305 0.2610
| 0.1305 0.1305

[0.0975 0.1990
0.1922 0.1902
 0.0390 0.2458

[0.0443 0.0687
0.2455 0.0115
| 0.1786  0.0137

0.1450 ]
0.1450
0.1450 |

0.1305 ]
0.1305
0.1305 |

0.0761 ]
0.1453
0.1200 |
0.0275 ]
0.2455
0.4698 |

~

[P1(l1,12)] =

~

[h2(l1,12)] =

[h3(l1,12)] =

[ha(l,12)] = (66)
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Fig. 7. Thefirst channel of the order

degraded images with SNR (a)
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I

(c) (d}

dB, (b) 50 dB, (c) 30 dB, and (d) 10 db.

{a)

Fig. 8. Restoration of the order

()

We add noise at oo dB, 50 dB, 30 dB, or 10 dB. Then we form
X229 asin (30) and find the minimum-norm solution in (30).
The output from the first channel is shown in Fig. 7 for each
of these simulations. For simplicity we show the resulting blur
estimates for only the first channel ~4(ly,12) only in (67). Due
to the scale ambiguity, the estimated blurs were normalized for
comparison purposes.

0.145]
0.145
0.145 |

0.145]
0.146
0.145 |

0.143]
0.147
0.148 |

0.180
—0.244
0.157

[0.145
0.145
| 0.145

[0.145
0.145
| 0.145

[0.147
0.144
0.146

[ 0.176
~0.263
| 0.142

0.145
0.145
0.145

0.145
0.145
0.145

0.145
0.147
0.139

—0.285
0.473
—0.233

[h1 (11, 12)]o0 4B =

[ha(l1,12)]50 aB

[h1 (11, 12)]30 aB

(2l 12)]10 4B = . (67)

A useful means of comparing these blur estimates is to use the
normalized mean squared-error for the ¢th blur defined as

Vo Shghill, ) = hals, 12))?
le_o 212_0 (llv 12)

NMSE,; =

(68)

where h;(11.1,) is the true blur and h;(11,1,) is the estimated
blur. Thisistheerror injust one Monte Carlo simulation thusthe
true value will vary from simulation to smulation. The NMSE
for @l the blurs at each noise level is shown in Tablel.

degraded images using the MN-PR approach with delay

(c) (d}

for SNR(a)  dB, (b) 50 dB, (c) 30 dB, and (d) 10 db.

TABLE |

NMSE FOR ORDER BLURS

NMSE for | hy | T2 | ks | Ia
SNR (db)
00 0 0 0 0
50 0.001 | 0.001 | 0.001 | 0.001
30 0.005 | 0.006 | 0.006 | 0.006
10 0.590 | 0.310 | 0.332 | 0.583

The estimate for the noise-free case is exact, as we would
expect from the deterministic formulation of the problem. Not
surprisingly, the noise adversely affected the channel estimates,
particularly inthe 10 dB, since we ignored the presence of noise
inthe problem formulation. The estimates could beimproved by
using larger images or by acquiring additional images degraded
by co-prime blurs.

C. Indirect Blind Image Restoration

Using the order (2, 2) blurs estimated in the last experiment,
we perform image restoration using the MN-PR restoration
filter in (44) and the LMMSE restoration filter in (46). To
illustrate that restoration quality will vary with the delay, we
fix (Kl,KQ) = (Ll,Lg) and vary the dday (Ll,LQ) F|gS. 8
and 9 show restoration for the (0, 0) delay and the (3, 4) delay
for the MN-PR filter. Figs. 10 and 11 show restoration for the
(0,0) delay and the (3,4) delay for the LMMSE filter. Figure
12 shows restoration for the (0, 0) delay using a single-channel
LMM SE restoration and averaging the results. In each case for
oo dB the estimate is perfect, as expected. For SNR. = 50 dB,
results vary slightly with the best performancein Fig. 10(b) and
the worst in Fig. 11(b), demonstrating the effect of the delay.
Interestingly, despite the fact that the error in the blurs of under
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(a}

Fig. 9. Restoration of the order

B}

{b)

Fig. 10. Restoration of the order

{b)

Fig. 11. Restoration of the order

degraded images using the MN-PR approach with delay

degraded images using the LMM SE approach with delay

degraded images using the LMM SE approach with delay

(e) (d}

for(@ dB, (b)50dB, (c) 30 dB, and (d) 10 db.

(d)

for(a)  dB, (b) 50dB, (c) 30 dB, and (d) 10 db.

(d)

for (@) dB, (b) 50 dB, (c) 30 dB, and (d) 10 db.

(a)

Fig. 12. Restoration of the order
dB, (b) 50 dB, (c) 30 dB, and (d) 10 db.

{b)

5% for SNR = 30 dB, noise amplification overwhelms the
restoration process. In the last case of SNR = 10 dB, because
of the poor estimate of the blurs, we achieve the expected
poor performance. Note that compared with the single channel
restorations in Fig. 12, the multichannel restorations retain the
sharp features of the image at higher SNR while loosing out
alow SNR due to noise enhancement. Note that computation
of the multchannel restoration filters requires roughly A2

{e) (d})

degraded images using the single channel LMM SE approach (averaged across four channels) with delay

for (a)

more computations than computing seperate single channel
restoration filters.

D. Direct Blind Restoration

In this experiment we demonstrate the single-lag direct
blind restoration algorithm described in Section VI-A on the
images in Fig. 6. Recall that the approach alows us to derive
the (0,0) and the (L1 + K1, Ly + K>) lag restoration filters
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Fig. 13. Restoration of the order degraded images using the single-lag direct blind restoration approach with ;- 1 2 with SNR
(d dB, (b) 50dB, (c) 30 dB, and (d) 10 db.

Fig. 14. Restoration of the dB degraded images using order (a) , (b) , (©) , (d) , (e) , () ,and (g)
restoration filters.

Fig. 15. Restoration of the dB degraded images using order (a) , (b) , (©) , (d) , (e) , () ,and (g)
restoration filters.

Fig. 16. Restoration of the dB degraded images using order (a) , (b) , (©) , (d) , (e) , (f) ,and (g)

restoration filters.

directly from the degraded images. We then use the averaging
approach in (55) to sum the estimates of the original image.
Fig. 13 showsthe results of applying the direct blind restoration
algorithm with (K, K>) = (1,1) to the order (2,2) degraded
images in Fig. 7 We observe noise amplification as the noise
increases in the degraded images. This results from the perfect
restoration criterion in which we excluded the presence of noise
when developing an approach to deconvolve s(nj,ns) from
X(TLl7 712) .

One possible approach to improve the visual quality of there-
stored imageisto find restoration filterswith nonminimumorder
(recall that (K7, K») satisfies (16) with inequality). Using the
direct blind restoration approach as before, we consider restora-
tion using the order (2, 2) blurred imagesin Fig. 7 but with more
severe noise.

For each SNR we applied the single-lag direct blind restora-
tion algorithm to the degraded images for seven different
restoration filter orders (1,1),(2,2),...,(7,7). Results are

shown in Fig. 14 for SNR = 30 dB, Fig. 15 for the SNR = 10
dB, and in Fig. 16 for SNR = 0 dB. In each of these cases
we observe that restoration with the smallest order restoration
filter is severely impaired by noise amplification. Subsequently
larger orders of restoration filters seem to have a noise aver-
aging property that the lower order filters lack. This robustness
appears to come at the expense of deblurring. A general rule
would be to use the minimum lag restoration filters for cases
where little noise is apparent and to use greater than minimum
lag restoration filters for noisy images. Future work should
include a more detailed analysis of the choice of restoration
filter order.

Comparing the results from Figs. 14 and 15, we see that di-
rect blind restoration with nonminimum order restoration filters
compares favorably with the indirect approaches that employ
blur identification. Further work is necessary to characterize the
statistical properties of the direct blind restorations aswell asto
quantify order selection.
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